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S1. Derivation of B2 within the first-order perturbation
theory
As mentioned in the main text, the contributions to B2 due to the second virial interaction
and the square gradient interaction are B2,v = v/2 and 0 respectively. The contribution due
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to the three-body interaction is derived as follows:
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where we have used the propagator
G0(r, r
′;N) =
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3
2π(N − 1)b2
]3/2
exp
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− 3(r− r
′)2
2(N − 1)b2
]
(S2)
which represents the probability for a given chain consisting of N monomers starting at r
and ending at r′.
S2. Diagrams used to calculate the first-order correction
of
〈
R2e
〉
and
〈
R2g
〉
The first-order correction to the mean-square chain end-to-end distance can be schematically
represented by Fig. S1, where the black line denotes the propagator along the chain contour
and the red dash represents the interaction. Specifically, the dash in Fig. S1(a) represents
either the second virial interaction or the square gradient interaction, while that in Fig. S1(b)
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represents the third virial interaction.
Figure S1: Feynman diagrams involved in the calculation of δ 〈R2e〉 defined in Eq.(31). Part
(a) accounts for contributions from v and κ. Part (b) represents that from w.
On the other hand, δ
〈
R2g
〉
≡ N−2
∑N−1
i=1
∑N
j=i+1 δ 〈R2e(i, j)〉, and δ 〈R2e(i, j)〉 is schemati-
cally represented by Fig. S2, where i and j denote the positions of the i-th and j-th monomers
on the chain contour. In Sec. S3, we will take one example to illustrate how to calculate
δ 〈R2e〉 and δ 〈R2e(i, j)〉 using the diagrams shown in Figs. S1 and S2.
Figure S2: Feynman diagrams involved in the calculation of δR2e(i, j;N) for a partial chain
starting from the i-th segment and ending at the j-th segment. Parts (a)-(d) account for
contributions from the monomer second virial interaction and the square-gradient interaction.
Parts (e)-(l) represent those from the third virial interaction.
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S3. Contribution due to Part (j) of Fig. S2
Taking part (j) of Fig. (S2) as an example, we illustrate how to calculate δ 〈R2e(i, j;N)〉 and
δ
〈
R2g
〉
. Part (j) of Fig. (S2) denotes one part of δ 〈R2e(i, j;N)〉 due to w; the black line
denotes the polymer chain and the red dashed curve denotes the three-body interaction.
Note that the figure depicts only the topology of the chain backbone along with the relavent
interactions instead of the actual spatial positions of segments. We label the left and right
ends of the black line as 1 and N , and the three intersecting points between the black line
and the red curves from the left to the right as s, t and l respectively. These points thus
denote the 1-st, s-th, t-th, l-th and N -th monomers along the backbone. The s-th, t-th, l-th
monomers as well as the pre-specified i-th and j-th monomers divide the whole chain into
six sections. In the following, we further denote the spatial positions of the 1-st, s-th, t-th,
l-th, N -th monomers as well as the pre-specified i-th and j-th monomers as R1, Rs, Rt,
Rl, RN , Ri and Rj respectively. Since there are two terms in δR2e(i, j;N) (see the general
expression given in Eq. (11) of the main text), we derive them separately. The corresponding
contribution to the first term 〈βHnbR2e(i, j;N)〉0 is
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on the other hand, the corresponding contribution to 〈βHnb〉0 in the second term is
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and finally we have the corresponding contribution to δ 〈R2e(i, j;N)〉 from Part (j) of the
Feynman diagrams as
Zw(i, j;N) ≡ Yw(j − i)b2 −Xw =
j−2∑
s=i
j−1∑
t=s+1
N∑
l=j+1
(j − s)(l − t)− (l − j)(j − t)
(t− s)3/2(l − t)5/2
; (S5)
where we have used Eq. (S2).
S4. Expression for δ
〈
R2e(i, j;N)
〉
from the first-order per-
turbation theory
By following the same procedure as shown in Sec. S3, we calculate all 16 contributions (4
for v, 4 for κ, and 8 for w), and the final expression for δ 〈R2e(i, j;N)〉 is given by
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S5. Comparison between discrete Gaussian chain (DGC)
and continuous Gaussian chain (CGC) models
In the main text, we have presented the results for the DGC model; here we will compare
them with results of the CGC model with a highlight on their differences. We note that
in previous works,S1–S4 either only the w term or the κ term is included to examine the
respective influence on the Θ point, here we take into account both w and κ terms. First,
the Θ point for the CGC model, as derived in Eq. (23) of the main text, is given by
vΘN ≈
2w
b3
(
3
2π
)3/2 [
−2s−1/20 +
4√
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]
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N−1/2, (S10)
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where the expression of vΘ∞ is self-evident and s0 is a microscopic cutoff whose value is ar-
bitrary. Since vΘ∞ explicitly depends on s0, it is not well-defined in the CGC model, unlike
in the DGC model. The leading order corrections (i.e., O(N−1/2)) for both models, however,
are the same.
On the other hand, at Θ∞, the leading order corrections to δ 〈R2e〉 and δ
〈
R2g
〉
are, respec-
tively,
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)
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Likewise, at ΘN , the N3/2 term vanishes and we have
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where the w terms are adopted from Ref. [ S2]; in the second line of these four equations, we
have substituted the numerical values to obtain explicit expressions. On the other hand, we
S-7
are unable to obtain the w coefficient of the subleading O(N1/2) correction to both 〈R2e〉 and〈
R2g
〉
at ΘN and Θ∞ is unknown (no report in literature also to the best of our knowledge);
however, the κ part of the O(N1/2) correction can be easily obtained as −60[3/(2π)]3/2κ/b3 ≈
−19.7954κ/b3 for 〈R2e〉 at ΘN and Θ∞, and −(31/3)[3/(2π)]3/2κ/b3 ≈ −3.4092κ/b3 for
〈
R2g
〉
at ΘN and Θ∞ respectively.
These expressions can be quantitatively compared with the DGC results given by Table
2 of the main text. In particular, we see the w coefficient of the O(N) term and the κ
coefficient of the O(N1/2) terms are approximately the same in CGC and DGC models for
all quantities. We regard the slight difference (if any) as due to the numerical errors when
evaluating the coefficient in DGC. Thus, the dimensional regularization and cutoff schemes
commonly used in the CGC modelS2 and our treatment for the DGC model are equivalent
up to the O(N) order correction for the three-parameter model. Furthermore, since the κ
coefficient of the O(N) term for the CGC models depends on s0 explicitly, it is impossible
to compare the chain sizes at ΘN and Θ∞ with the ideal chain with bare Kuhn length b for
finite κ and it is necessary to introduce a renormalized Kuhn length br S5 via
b2r ≡ b2 +
30κ
b3
(
3
2π
)3/2
s
−1/2
0 . (S15)
Therefore, at Θ∞, both 〈R2e〉 and
〈
R2g
〉
are contracted with an O(N) leading-order correction
when comparing with the ideal chain size with br. On the other hand, at ΘN , while 〈R2e〉 is
also contracted with an O(N) leading-order correction, that of
〈
R2g
〉
should be on O(N1/2)
due to the w coefficient of the O(N) term being negligibly small, but we cannot determine
the sign of the O(N1/2) term due to the lack of the knowledge of the w coefficient of this
correction.
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Figure S3: The N dependence of R2e(Θ∞)/Nb2 from our first-order perturbation calculation
with w/b6 = 0.2 and κ/b5 = 0.1, and that from the RG calculation.S2
S6. Qualitative explanation of Monte Carlo simulation
results using first-order perturbation theory
As mentioned in the Introduction of the main text, Grassberger and HeggerS6 performed
systematic lattice Monte Carlo (MC) simulation to check the applicability of the logarithmic
correction in various quantities such as 〈R2e〉 and
〈
R2g
〉
at Θ∞ as predicted by the renor-
malization group (RG) calculation by Duplantier.S2,S7 In particular, they found that the
amplitude of the corrections in MC simulations is much larger than the universal amplitude
of the leading logarithmic corrections;S2 this difference was later explained by Hagar and
Schäfer who argued that the subleading correction is equally important when explaining the
MC results for the chain length studied.S8
Our first-order perturbation theory provides an alternative perspective on understanding
these MC results. In Fig. S3 we show the N dependence of 〈R2e〉 (Θ∞)/Nb2 obtained using
Eq. (41) with κ/b5 = 0.1 and w/b6 = 0.2; we also include the RG predictionS2 for compari-
son. We see the N dependence of our first-order perturbation result is much stronger than
the logarithmic correction predicted by the RG theory, and is qualitatively consistent with
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the MC results by Grassberger and Hegger (see Fig. 18 in Ref. S6). While a quantitative
comparison cannot be made here due to the model difference between these two studies, the
qualitatively consistent feature with increasing N in both studies may suggest the impor-
tance the κ interaction and the necessity to keep the subleading O(N1/2) in 〈R2e〉 and
〈
R2g
〉
at the Θ point when explaining the computer simulation results.
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